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Only a few large or medium-sized repeating earthquakes are known in many sequences due to long re-
currence intervals in comparison with observation period. Recurrence intervals are used to estimate long-
term earthquake probability; however, the effect of the number of recurrence intervals on prediction per-
formance is unclear. We studied the predictability dependence on the number of recurrences using small
interplate repeating earthquakes along the Japan Trench. These earthquakes were extracted from Tohoku
University's catalog, and this data was used in the probability forecast experiments from 2006 to 2010. The
number of forecasts is 524. Two to five events just prior to the forecasts are picked from each sequence to
calculate the probabilities. We calculated the probabilities using the Bayesian statistics log-normal distribu-
tion model (LN-Bayes), the log-normal distribution model based on the small sample theory (LN-SST), and the
exponential distribution model (Exp-pin). We then evaluated the forecast results using mean log-likelihood and
Brier score. The performance of the LN-SST and LN-Bayes models was better than that of the Exp-pin model
for almost all cases. In addition, we conducted some statistical tests to measure the consistency of forecast
with the observed catalog and confirmed the tendency of underestimation of probabilities and the accuracy
dependence of probabilities on the number of recurrences for all models. The LN-Bayes and LN-SST models
were examined by random number experiments using a large number of simulated sequences of earthquakes.
In statistical tests, we changed the number of repetitions and the elapsed time from the most recent earth-
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quake. As a result, performance improvement, along with the increase of repetition number, was evident
when the repetition number was small for both models. The LN-Bayes model is generally better than the LN-
SST model if the number of repetitions is very small. However, one of the features of the LN-Bayes model is
that probability is saturated when the number of repetitive events is small and longer time has passed since

the last event.
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Table 1. Basic information on the catalog used for investigation.
Forecast period 2006.7-07.6 2008.1-12 2009.1-12 2010.1-12 Total
Forecast sequences (N ) 92 126 144 162 524
Number of sequences that had earthquakes
within the forecast period (N, ) >0 %6 70 72 248
Analysis data Data period 1993.1-06.6 1993.1-07.12  1993.1-08.12  1993.1-09.12  Total
for forecast Number of earthquakes 666 905 1068 1232 3871

Table 2. Number of earthquakes in one forecast for 524 forecast sequences of the small repeating

earthquakes catalog.

Number of earthquakes 5 6 7 8 9

Forecast sequences (N ;)

181 102 77 39 26 21 27 12 8 5

10 11 12 13 14 15 16 17 18 19 20 Total

4 8 4 4 4 2 524

4 o168
ﬁ‘y‘
Hokkaid /
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Fig. 1. Distribution of small repeating earthquake

clusters of 166 sequences, used in four forecast ex-
periments. The color of the symbol indicates focal
depth, and the size of the symbol indicates mag-
nitude. The average magnitude of all the se-
quences is 2.75 or more. Note that the offshore se-
quences have large depth uncertainties.

test, BS-test) TEHTEL I L %/RY. 7B, LNSST

O, WEOFEAMBT— 727 1oL 1%, FEY
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Natural logarithm of recurrence interval

Fig. 2. Frequency distribution of recurrence inter-
vals in the 166 sequences. /N denotes the number of
all forecast sequences, 7z denotes the number of
recurrence intervals, ¥ denotes average of x=
log(t:), and s denotes standard deviation of x:.
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Fig. 3. Change of the mean log-likelihood for vari-
ous numbers of repetitions in four forecast ex-
periments. The horizontal dashed line denotes the
score of —0.693, corresponding to the forecast
probability of 0.5 for all cases. The LN-Bayes model
is the log-normal distribution model based on the
Bayesian theorem with prior distribution of an
inverse gamma. The LN-SST model is the log-
normal distribution model based on the small sam-
ple theory. The Exp-pin model is the exponential
distribution model based on the Poisson process,
and the probability of an event is independent of
the elapsed time since the last event.
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Fig. 4. Result of the Brier score for each number of
repetitions in four forecast experiments. The hori-
zontal dashed line indicates the score of 0.25, cor-
responding to the forecast probability of 0.5 for all
cases. The LN-Bayes, LN-SST, and Exp-pin models
are the same as in Fig. 3.
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model: LN-Bayes, Number of repetitions=1
Ng=524, N,=248, E(N,)=215.01, MLL=-0.665, BS=0.225
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Fig. 5. Frequencies of forecast sequences (left
white bars), the expected number of sequences
with events that will occur within the forecast
period (the sum of forecast probabilities by LN-
Bayes, central gray bars), and the actual number of
sequences of observed earthquakes within the
forecast period (right black bars) for every 10%
range of probabilities for four trials. There are (a)
1, (b) 3, and (c) 4 or more repetitions. Vs is the
number of all forecast sequences, N, is the num-
ber of sequences that had earthquakes within the
forecast period, £(V,) is the sum of all the proba-
bilities (expected values of /V,) and is the average
frequency of the predicted events, MLL is the
mean log-likelihood, and BS is the Brier score.
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Table 3. Experimental scores of the mean log-likelihood, MLL, and Brier, BS, for various data sets derived
from the small repeating earthquakes.

Period 2006.7-07.6 2008.1-12 2009.1-12 2010.1-12 20067.10
(Four trials)
Numberof /" ps agr  BS ML BS  MIL  BS  MIL  BS
repetitions
LN-Bayes
1 -0.650 0220 -0.669 0227 -0.693 0242 -0.656 0216 -0.665 0.226
2 -0.574  0.197 -0.612 0204  -0.674 = 0.237  -0.610 = 0.210  -0.622 = 0.214
3 -0.532  0.182 -0.563  0.188 -0.658 & 0232 -0.575 0.197  -0.587 = 0.202
4 -0.510  0.173 -0.545 0.182 -0.663 = 0234 -0.589 ' 0201  -0.585 = 0.201
4ormore  -0.509 0.172 -0.531 0.177 ' -0.650 = 0229 -0.583 0.197 -0.576 0.197
LN-SST
2 -0.568  0.194 -0.557 0.185 -0.825 0283 -0.656 0.221 -0.663 0.224
3 -0.544  0.187 -0.522  0.177 -0.724 = 0251  -0.587 = 0.199  -0.601 = 0.206
4 -0.500  0.174 -0.512  0.174 -0.695 = 0243 -0.611 = 0208  -0.591 = 0.203
4ormore  -0.509 0.176 -0.497 0.167 -0.681 0.236 -0.610 | 0.204  -0.585 = 0.199
Exp-pin
1 -0.884 0272 -0.808 0253 -0.907 0272 -0.684 0.239 -0.766  0.257
2 -0.705 = 0255 -0.675 0240 -0.713 & 0257  -0.686 = 0.244 -0.694 = 0.248
3 -0.687 0246 -0.656 0232  -0.699 = 0.252 -0.659 0.233  -0.674 = 0.240
4 -0.675 0240 -0.645 0227 -0.705 & 0255 -0.653 0.230  -0.669 = 0.238
4ormore  -0.665 0236 -0.639 0224 -0.698 = 0.252 -0.648 0.228 -0.663  0.235

203

Remarks: The shaded numbers indicate that the forecast probabilities were rejected by L-test or BS-test.
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Fig. 6. Change of the mean log-likelihood for four
forecast experiments with four repetitions.
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Table 4. Results of the N-test on probabilities for the small repeating earthquake event within 12

months, by the repetition numbers.

Period 2006.7-07.6 2008.1-12 2009.1-12 2010.1-12 2006_.10
(Four trials)
Number of
repetitions E(N,) CDF EWN,) CDF EWN,) CDF EWN,) CDF EWN,) CDF
LN-Bayes % % % % %
1 384 99.8 47.7 96.1 61.3 95.9 67.6 81.6 2149 | 100.0
2 40.2 99.3 534 73.4 62.1 94.7 68.7 762 2243 99.2
3 40.2 99.3 54.3 67.2 63.0 92.8 67.2 842 2246 99.2
4 40.8 99.0 54.3 67.3 60.8 97.0 65.7 89.9 2217 99.7
4 or more 41.2 98.8 55.6 57.5 60.9 96.9 64.3 93.7 2219 99.6
LN-SST % % % % %
2 34.7 = 100.0 49.2 95.4 55.5 99.9 60.6 99.0 200.0 | 100.0
3 36.4  100.0 51.6 86.0 59.4 98.8 62.5 974 2099 | 100.0
4 38.7 99.9 52.4 81.6 56.9 99.6 62.6 972 2105 © 100.0
4 or more 39.3 99.8 533 75.2 57.7 99.4 61.7 97.9 212.0  100.0
Exp-pin % % % % %
1 42.7 96.0 534 72.9 63.0 91.1 70.9 60.8 2299 96.0
2 40.7 98.4 52.3 78.5 58.3 98.4 66.0 86.1 2174 99.8
3 39.8 99.0 50.7 86.4 57.1 99.0 62.3 954 2099 = 100.0
4 39.3 99.2 49.4 90.9 55.0 99.7 60.6 97.6 2044 | 100.0
4 or more 39.3 99.2 49.5 90.4 55.0 99.7 59.9 982 203.7 | 100.0

Remarks: LN-Bayes LN-SST, and Exp-pin are the Bayesian statistics lognormal distribution model of the
recurrence intervals with an inverse gamma prior distribution, the log-normal distribution model on small
sample theory, and the exponential distribution model based on the Poisson process, respectively. E (V) and
CDF are the expectation number of sequences with qualifying events and the probability of the theoretical
cumulative distribution function for the number of sequences with event, calculated from the forecast
probabilities, at the observed number of sequences with event, respectively. The shaded numbers indicate

that the forecast probabilities were rejected in N-test.
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Fig. 7. Result of N-test for 524 forecasts of four
trials from 2006 to 2010 using the LN-Bayes model.
The solid curved line indicates the theoretical
distribution of the frequency of events calculated
from forecast probabilities, the vertical dashed line
indicates the observed frequency of events, and
the solid vertical line indicates the expected value
calculated from the forecast probability. Ns, N,
E(N,) are the same as in Fig. 5. CDF is the cumu-
lative distribution function at the score of obser-

vation.
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Fig. 8. Result of L-test for 524 forecasts of four
trials from 2006 to 2010 using the LN-Bayes model.
The solid curved line indicates the theoretical
distribution of total log-likelihood (LL), and the
vertical dashed line indicates its observed score.
The dashed horizontal line indicates 0.05 and 0.01
of probability. /V; is the same as in Fig. 5.

2010 FED 3l & 4TI, T— 7DV HMENRT
W5,

LN-SST 12 X 2 Tl Ti&, 2006-10 £ 0T B i 13,
LN-Bayes & W U<, T — %232 & 3 TIiL,
F=BDOLVHWERTHEY, 3ME 4TI, ES
BHEETE Vv, FEOFEFHRIL, ZLALDTr—2
TTF—=3HDOLNHBENRTHS, UL, 201040 3
BE 4D L XL, T BOLLHPENLTN S,

Exp-pin |2 & A Pl TIE, 2006-10 4 0 T i 13

# 0 R LI DA 72 0 0 R LRSI R 9 5 S A R FE R R T O Bl & BEGEE 205

' -
Q All forecasts of four trials (2006-10)
O BS-test model: LN-Bayes
= 1 Number of repetitions=3, N,=524

r L
S e B SEaCECR TR 0.99
g
2 | CDF=97.9%
> s S 0.95
3 !
© 1
8 09 !
fput 1
[N ]
a>) 1
= 1
© BS,55=0.202
2 '
€ '
3 o8 . L .

0.18 0.19 0.20 0.21 0.22

Brier score, BS

Fig. 9. Result of BS-test for 524 forecasts of four
trials from 2006 to 2010 using the LN-Bayes model.
The solid curved line indicates the theoretical dis-
tribution of the Brier score (BS), and the vertical
dashed line indicates its observed score. N is the
same as In Fig. 5.
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Fig. 10. Result of R-test for the Exp-pin model and
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Fig. 11. Forecast intervals to be used for a random

number of experiments. The horizontal line indi-
cates the range of the forecast period, which is
fixed to 365 days. 73 is the elapsed time from the
last event to the forecast period. The dashed
curved line exhibits a log-normal distribution,
LN (u, 0%, used for simulation by the LN-SST
model.
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Fig. 12. Distribution of recurrence intervals using
the LN-Bayes model. 7 is the average logarithm of
the recurrence intervals. /N5 is the number of all
forecast sequences. # is the number of recurrence
intervals.
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Fig. 13. Frequency distribution of simulated fore-
cast probabilities using the LN-SST model. 7} is (a)
50 days, and (b) 400 days. u is the average of log-
arithm of the recurrence intervals. o is the stand-
ard deviation. 73is the same as in Fig. 11. INsis the
number of all forecast sequences. The four vertical
lines indicate the average of the simulated proba-
bilities.
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Results of MLL by LN-Bayes (a)
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Fig. 14. Result of mean log-likelihood using (a) the
LN-Bayes model, and (b) the LN-SST model. T} is
the same as in Fig. 11, and the forecast period is
fixed to 365 days. The horizontal dashed line indi-
cates the score of —0.693, corresponding to the
forecast probability of 0.5 for all cases.

WEET A2 L I3EL V. DT CIIERN RERE/-/NT
5.
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PR 5.

5.2.2 FBREICL B FRIREODLE

LN-Bayes & LN-SST O FHIBEIZ DWW T, M7 —
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TN & BTl MLL % Fig. 14 ® a & b IZRT75,
FTRTCOFMATT — & HHHEINT %122 TGN
35 BEEE T — 8 PR WA IZEEE T, 30 1A
PDLEIZIZIEEE N TH S, BSOBELFAMGERTDH
5.

M ZE DS A1E, Table 21235 X )12, £RHID
RS 5~T7 M (FEAMIEDS 4~6 1) OENLZ VD
T, FMBEIET— B OIKIFET A2 L1k b, Fig
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0
Results of BS by LN-Bayes
4=6.516, $=1.5, {=0.15

0.1

e KoK Hen e

Brier score, BS
o
N

0.25 === - 2@ lluyut o O e MOTTTTT T O O
0.3
1 @2 A3 -m-4 -0-10 -A-30 ~-100 samples
0.4 . . . . .
0 200 400 600 800 1000 1200

Number of days elapsed

Fig 15. Result of the Brier score using the LN-Bayes
model. The horizontal dashed line indicates the
score of 0.25, corresponding to a forecast proba-
bility of 0.5 for all cases.
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FEHEMEEE P OB L, FillMERL g L L72ED
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Po80 F7213 1ITEWIEERWAITIZRA.
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ATATIERELALHTS.



0 3% LRI 7 i ) R LR R GRS 2 531 0 52 58 A Rl =R 0 D JG & AR 209

Table 5. Results of N-test on probabilities of simulation using random numbers.

Number of repetitions
LN-Bayes 1 2 3 4 5 7 10 30 100
Number of days elapsed % % % % % % % % %
1 0.0 0.0 0.0 0.0 0.0 0.0 0.1 15.0 36.6
50 0.0 0.0 0.0 0.0 0.0 0.0 0.4 18.1 383
100 0.0 0.0 0.0 0.0 0.0 0.1 1.7 26.8 49.9
150 0.0 0.0 0.0 0.0 0.0 0.0 0.9 16.7 335
200 0.0 0.0 0.0 0.0 0.1 1.0 5.0 27.8 41.2
250 0.0 0.1 0.6 22 5.1 11.4 19.6 37.9 45.7
300 93.2 72.6 64.0 60.0 57.1 54.4 53.6 51.0 50.4
350 100.0 100.0 99.8 98.4 95.7 89.1 79.5 57.2 48.4
400 100.0 100.0 100.0 100.0 99.9 98.9 96.4 79.7 66.9
500 100.0 100.0 100.0 100.0 100.0 99.9 98.4 723 52.5
600 100.0 100.0 100.0 100.0 100.0 100.0 99.9 86.6 69.0
700 100.0 100.0 100.0 100.0 100.0 100.0 100.0 83.7 58.5
800 100.0 100.0 100.0 100.0 100.0 100.0 100.0 96.3 78.4
900 100.0 100.0 100.0 100.0 100.0 100.0 100.0 96.5 68.4
1000 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.4 73.0
1100 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.9 82.2
1200 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 91.8
LN-SST 2 3 4 5 7 10 30 100
Number of days elapsed % % % % % % % %
1 0.0 0.0 0.0 0.0 0.0 0.0 6.6 295
50 0.0 0.0 0.0 0.0 0.0 0.2 134 345
100 13.3 1.6 1.4 1.8 4.1 9.0 29.0 41.1
150 96.5 72.1 56.7 50.6 46.7 46.0 48.8 513
200 100.0 98.8 93.2 87.4 78.5 71.5 58.1 53.0
250 100.0 100.0 99.9 99.2 96.5 90.4 70.8 61.4
300 100.0 100.0 100.0 99.8 98.0 93.5 73.9 61.1
350 100.0 100.0 100.0 99.7 96.5 88.8 66.1 55.1
400 100.0 100.0 100.0 99.9 98.0 922 68.3 56.1
500 100.0 100.0 100.0 100.0 98.7 93.3 71.4 60.0
600 100.0 100.0 100.0 100.0 99.6 96.8 74.4 60.9
700 100.0 100.0 100.0 100.0 99.9 97.1 76.6 60.4
800 100.0 100.0 100.0 100.0 100.0 100.0 88.1 71.8
900 100.0 100.0 100.0 100.0 100.0 100.0 84.5 59.8
1000 100.0 100.0 100.0 100.0 100.0 100.0 90.2 58.9
1100 100.0 100.0 100.0 100.0 100.0 100.0 92.9 60.9
1200 100.0 100.0 100.0 100.0 100.0 100.0 98.8 74.4

Remarks: LN-Bayes and LN-SST are the same as in Table 4. BS is the Brier score of the real observation.

Shading means the same as Table 4.
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Fig. 16. Difference in mean log-likelihood between
LN-Bayes and LN-SST models. T} is the same as in
Fig. 11, and the forecast period is fixed to 365 days.
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Fig. 17. Frequency distribution of forecast proba-
bilities determined by random experiments with
the LN-Bayes model. IV is the number of forecast
sequences. The number of repetitions is the num-
ber of recurrence intervals. 75 is the same as in
Fig. 11. The vertical dotted line is the maximum
value of the forecast probability when 7% is 800
days.
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